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Through the use of recurrence formulas one can further sim-
plify Eq (9) to yield

Jo' (@) Yg'(kw) — Jg'(kx)Y'(x) = 0 (10)

where & = b/a and ¢ = aa  Some of the roots of this equa-
tion are given by Truell in Ref 4

Appendix

In Eq (7) let the denominator be called sAs, the numer-
ator N, and B, cosB0 = A,, for short From the inversion
theorem

o(t) = - [ T m(s)ds (A1)

271 J v—ie

Let ew(s) = E For 8 # 0, E has a simple pole at s = 0
and simple poles at s = —« a2, 3 where a. g are the roots
(all real and simple) of

As = [BKp(sV/?) — sY?Kpi(st)] X
[BIs(s'%a) + s'%alpi1(s%a)] —
[BIs(s¥?b) + sV/2blg1(st/2b)] X
[BKp(s'*a) — sV2aKp(s'?a)] = 0 (A2)

For B # 0 the residue at the pole s = 0is
B 8
im fo SR LL)
s—0 | sls Blb/a)® — (a/b)]
where, for x — 0, we have used the relations
Is(x) — (1/2°B1)a?
Kp(x) = 267 4B — Nlz=8B = 0
Ko(x) — —Inz
For 8 = 0 the residue at the pole s = 0 is
lim a {e , $%aKo(s'%r) 1 (s" %) — sl/ZaIO(sl’zr)Kl(sl/za)}

s—0 ds abl (sV2b) K, (sV2a) — abl1(sV?a)K.(s1/%b)
(A4)

Let u = sV2;thend/ds = (1/2u)(d/du) By differentiating Eq
(A4) and taking the limit s — 0, one has for the residue of
s=0

(A3)

2bt (r/a)2/2 4 ln(r/a) — 1/2

b2 —_ a2 + b b2 —_ a? (A5)
To find residue at the pole s = —«,a2, g, we need
d(As) 1 dA

s = — =
ds is=-—« a2, g 2 H d,LL n=toy, BKr112

r28/uf [BIs(na) + palpn(ua)] X 7
[BKp(ub) — ubKgii(ub)] —
[8I5(ub) + wblp41(ub)] X
[BKs(ua) — waKg(pa)]} +
b[Bls(ua) + palgp(ua)] X
[ubKg(ub) + BKg11(ub)] — (A6)
blbuls(ub) — Bla.a(ub)] X
[6Ks(pa) — paKg(ua)] +
alpals(pa) — Blgi(ua)] X
[BKg(ub) — ubKgya(ub)] —
alpaKe(ua) + BKpn(ua)] X
L [BIs(ub) + ublpyi(ub)]-

From Eq (A2) one has

BKp(ub) — ubKpyi(ub) _ Bla(ub) + pbleyi(ub) _
BKg(pa) — poKew(pa) — Blp(ua) + pals(ua) ~ °

If the foregoing is abbreviated into m/n = o/l, respectively,
Eq (A6) may be written

s [d(As)/ds] = Ftan gk V2{bl[ubKe(ub) + BKp+1(ub)] —
bnlbulg(ub) — Blgri(ub)] + amluals(ua) — Bleyi(ua)] —
aolpaKp(ua) + BKeyi(ua)l} (A7)
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In addition, one has the identities
Ig(x) = 17 8Jg(ix) Kg(z) = (m/2)8 T HgW (iz)

(A8)
Je(=y) = (=1)Js(y) Hg®(—y) = (=1)°Hs™(y)

Then
p = BJolangh) = blgsi(atnsb)
BJs(an ga) — aJgi1(ctm pa)
or
%S — l 2 2 2y —
l:s dS:]sz_azmﬁ _QP(B amﬁb)

5 (B = o) =
M(“Wﬁ)
2[8Js(m ga) — aJpi1(om pa) | [BSa(ctm gb) — bJgi1(0m gb)]
where

M(ang) = (B — a’, gb?) [BJs(cm gb) — bJgs1(angb)]? —
(8% — a’,pa?) [BJe(anp0) — afpi(am pa)]?
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Effect of Thermal Accommodation on
Cylinder and Sphere Drag in Free
Molecule Flow
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Nomeneclature

Cp = drag coefficient

F.G = functions defined by Eqs (7) and (8)

Iy, I = modified Bessel functions of first kind, zero, and
first order

M = Mach number

@ = heat transfer rate

Q* = dimensionless heat transfer rate defined by Eq (6)

S = molecular speed ratio

T = freestream static temperature

Tr = ratio of surface to freestream static temperature

T, = surface temperature

a = thermal accommodation coefficient

o, o’ = coefficients of tangential and normal momentum
transfer

v = specific heat ratio

p = density of freestream
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Introduction

THE aerodynamic characteristics of bodies in free molecule
flow depend on the Mach number M, on the freestream
temperature T, on the heat-transfer rate to the surface @, and
on the surface accommodation coefficients ¢, ¢’,and a* 2 To
simplify the calculations of these characteristies, the following
two assumptions are often made: 1) completely diffuse re-
flection of the incident molecular stream (¢ = ¢’ = 10); and
2) complete thermal accommodation at the surface (o = 10)
The first of these assumptions seems to be in accordance with
the experimental results obtained to date, as indicated in Ref
3 Values reported for thermal accommodation coefficients
range from 0 01, as measured on extremely clean surfaces, to
10, observed on untreated technological surfaces * The as-
sumption, therefore, that « is close to unity is valid in the
case where no particular attention is paid to the condition of
the surface

« is considerably lower than the hypothetical value of unity
when the surface is heated at high temperatures, bombarded
by high energy particles, or exposed to low pressures for long
periods of time Thus, the value of « to be used in a given
application must be determined experimentally for the
problem in question The effect of « on the free molecule
aerodynamic coefficients can be evaluated, however, from
theoretical considerations The purpose of this study is to
determine the influence of the thermal accommodation co-
efficient on cylinder and sphere drag in fiee molecule flow
These results may be generalized to indicate the effects of a
on the aerodynamic coeflicients of bodies of different shapes

Method of Analysis

It has been pointed out in Ref 5 that both the theimal
accommodation coefficient and the wall temperature T, may
depend on the orientation of the surface In the present
analysis it is assumed that « and T, are constant on the sur-
face and that the gas is monatomic Then, for diffuse reflec-
tion, the drag coefficient for a cylinder with its axis normal to
the direction of flow may be written as®

wlizg— 22 3 S2
e (G GE
1 Sz 3/2
(2+3)n(3)]+ 55 @

Similarly, the drag coefficient for a sphere, for diffuse reflec-
tion, is

e’ 484 4 482 — 1

Cor = YT (14 28y + 254 erf(S) +

2qli2

38

(Tz)'* (2)

In the foregoing expressions, Iy and I are modified Bessel fune-
tions of first kind, and 8§ is the speed ratio defined by

S = (v/2'"M 3

Tz is the ratio of the wall temperature to the freestream tem-
perature

Tp = Twar/T 4)

The wall temperature depends on « and on the heat-transfer
rate An equation describing the relationship between these
parameters is required, therefore, in order to determine the in-
fluence of o on Cp  If Q is the total amount of heat removed
from the surface per unit area and per unit time, an energy
balance gives the following expression, applicable to both
cylinders and spheres in free molecule flow,? 7

Tr = [Q*/ a + F(S)]/G(S) (5)
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Fig 1 The effect of thermal accommodation on cylinder
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Fig 2 The effect of thermal accommeodation on sphere
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Fig 4 The effect of wall to freestream temperature ratio
on sphere drag

where Q¥ is a dimensionless heat-transfer parameter,
Q* = Q/[pRT(2RT)"?] (6)

The parameters G(S) and F(S) appearing in Eq (5) are
functions of the speed ratio For a circular cylinder trans-
verse to the direction of flow,

¢oe g g
6 = S [+ on(S) +sm (3)]
e—s/2 7 82
F® = [<S4 +5 5+ 2) I <§> +

(s+39)1(3)]

I

)

For a sphere, G and F are

QO = g I:l + é ierfe(S) + 21@ el‘f(S)jI
. - ®
F® =5 {(232 +5) [1 + lerfg( )j| +

(282 + 3) 2%; erf(S)}

The variation of the drag coefficient with the parameters
Q*/a, Tr, and S may be calculated from the foregoing equa-
tions

Resulis

The effect of the thermal accommodation coefficient on
cylinder and sphere drag is shown in Figs 1and 2 These re-
sults indicate that the effect of o on C'p diminishes as the heat-
transfer rate approaches zero This is not surprising, since
when Q* is equal to zero the drag coefficient is independent of
a, provided that « is not zero In many practical applica-~
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tions the temperature ratio Tz is of the order of 08 — 055
At these T values, a small change in o changes the drag co-
efficient appreeiably for all speed ratios, as can be seen from
Figs 1 and 2 Only for high speed ratios and high tempera-
ture ratios does the effect of o on Cp become small, a con-
dition seldom encountered in practical problems The results
also indicate that for “hypothermal’” free molecule flow
(8 > 6), the drag coefficient may be approximated for all
values of a by

Cp=25+05 (9)

Equation (9) is similar to the one suggested by Schamberg
in Ref 8

Q*/« values corresponding to 7 = 0 and Tz = 10 are
sometimes used in the caleculations of drag coefficients® °
The errors due to these assumptions are presented in Figs 3
and 4 It can be seen from these results that the actual T
values should be used in calculating the drag coefficients, par-
ticularly at low speed ratios
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Initial Development of the Laminar
Separated Shear Layer
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Introduction

SOME recent analytical studies of the compressible laminar
shear layer have been based on the physical model pic-
tured in Fig 1! 2 The body boundary layer, separating at
the rear of the body, becomes the beginning of the separated
shear layer, which subsequently grows by entraining gas
from the outside inviscid flow (v = u.,, H = H.) and from
the low-speed base flow (v = 0, H = H,) The process of
separation is characterized in this model by a discontinuous
change in the inside boundary conditions from v = 0, H =
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